A new method was developed for calculating effective elastic parameters of a medium containing oblate spheroidal cracks having parallel planes. This new method is free from the restrictions of isotropic matrix material and low crack density. Velocity anisotropy was calculated for the case of oriented cracks filled with fluid. Effects of crack aspect ratio, fluid bulk modulus, and crack volume on velocity anisotropy were investigated. The present results showed smaller anisotropy than that given by ANDERSON et al. (1974) for a medium containing oriented spheroidal cracks. The relation between velocity and crack density parameter (ratio of porosity to aspect ratio of cracks divided
A new method was developed for calculating effective elastic parameters of a medium containing oblate spheroidal cracks having parallel planes. This new method is free from the restrictions of isotropic matrix material and low crack density. Velocity anisotropy was calculated for the case of oriented cracks filled with fluid. Effects of crack aspect ratio, fluid bulk modulus, and crack volume on velocity anisotropy were investigated. The present results showed smaller anisotropy than that given by ANDERSON et al. (1974) for a medium containing oriented spheroidal cracks. The relation between velocity and crack density parameter (ratio of porosity to aspect ratio of cracks divided 1. Introduction One of the most important factors affecting elastic wave velocities in rocks is the presence of voids and cracks that usually contain fluid. A great deal of experimental and theoretical work has been done on the effects of cracks on seismic velocity.
There is ample experimental evidence to indicate the presence of preferred crack orientation in rocks (e.g., IIDA et al., 1967; GUPTA, 1973; WANG et al., 1975; LOCKNER et al., 1977; SOGA et al., 1978) . Most previous theoretical calculations were made for an isotropic case in which cracks are assumed to be distributed and oriented spatially at random in an isotropic medium (e.g., WU, 1966; WALSH, 1969; KUSTER and TOKSOZ, 1974; BUDIANSKY and O'CONNELL, 1976) . However, some theoretical work has been accomplished on elastic anisotropy caused by preferred crack orientations. ANDERSON et al. (1974) presented numerical studies of seismic velocity anisotropy for an isotropic matrix containing circular cracks with their planes all in parallel. GRIGGS et al. (1975) and HOENIG (1979) investigated the case of cracks with their normals randomly distributed.
This report presents a new numerical method of calculating effective elastic constants for a solid in which the planes of circular cracks are all in parallel. This case was studied by ANDERSON et al. (1974) . However, in their analysis of stress and strain in composite material, ANDERSON et al. (1974) implicitly employed an equation given by ESHELBY (1957) that is formulated for the process of fixed surface displacements, but they did not use another formulation also presented in Eshelby's paper. For calculating effective bulk elastic constants for a material containing a uniform dispersion of ellipsoidal inhomogeneities, there are two processes; 1. introducing the inhomogeneities keeping the surface tractions constant, 2. introducing the inhomogeneities keeping the surface displacements constant. The results of ANDERSON et al. (1974) predict the existence of too large an anisotropy as a consequence of their assumption of the process at constant tractions.
Recently, YAMAMOTO et al. (1981) pointed out that a considerable difference exists between the two elastic constants calculated under these two conditions, and they further proposed a numerical method to avoid the two different elastic constants resulting from the previous approach. This new method consists of an iterative calculation including the step-by-step increment of samll amounts of crack volume in an elastic medium, thus enabling us to calculate the effect of large crack density.
In addition, this method appears to be versatile in that it involves a possibility of being applied to the anisotropic case. Meanwhile, LIN and MURA (1973) demonstrated important equations for calculating the Eshelby tensor, which has an important role in the treatment of the elasticity of composite materials, in a transversely isotropic case.
The purpose of this paper is to present a general theory to give a legitimate formulation for calculating elastic constants in transversely isotropic cases. In Sec. 2, Eshelby's theory is reviewed to combine its formulation with the idea of YAMAMOTO et al. (1981) , in order to calculate anisotropic elasticity of a medium containing spheroidal oriented cracks. Numerical examples of using the present method are presented for several cases in Sec. 3.
2. Theory 2.1 Eshelby tensor and fictitious eigenstrain Before reviewing an outline of Eshelby's theory, we will clarify the meanings of the following three strains; total strain, elastic strain, and eigenstrain. Total strain is given by a summation of all strains including elastic strain, thermal strain, strain, eij, satisfies Hooke's law. Eigenstrain, a general name given by KINOSHITA and MURA (1971) for the stress-free strain in ESHELBY (1957) , includes strains that are not related uniquely to stress, e.g., initial strains, plastic strains, strains due to phase transformations or thermal expansion, etc. (MURA and CHENG, 1977; MURA and MORI, 1976) . In these papers, the eigenstrain is employed and denoted by strain fields caused by an inclusion are expressed in terms of fictitious eigenstrain.
In this subsection, an outline of the equivalent inclusion method is given as a basis for further extension.
(1)
where (5) (6) (7) and (8) ( 9) where (10) calculated numerically by the residue theorem in some special anisotropic cases, as KINOSHITA and MURA (1971) and LIN and MURA (1973) demonstrated.
In the case when spheroidal inclusions have their unique axes aligned parallel to the unique axis of a transversely isotropic matrix, LIN and MURA (1973) gave as integral expressions.
There are 12 nonzero elements of which 7 are independent in this case, and they are expressed by integrations of rational functions as shown in Appendix.
2.3 Eshelby's theory for calculating effective elastic constants Introducing elastic inhomogeneity in the elastic medium, Eshelby considered two processes. One is the process where the load applied to the medium is kept constant, and the other, the process where surface displacements of the medium are kept constant. Hereafter, we call these two processes the case of constant load and the case of constant surface displacements, respectively. In order to calculate effective elastic constants of the medium including elastic inhomogeneity, the following two equations corresponding to the above two cases were presented by ESHELBY (1957) (14) the same manner. Equation (14), which expresses the interaction energy of an inclusion with elastic field caused by the external stress holds only in the case of dilute concentration of inclusions, where the change of elastic field caused by the existence of one inclusion does not affect the elastic energy of other inclusions (ESHELBY, 1957; MURA and MORI, 1976) . We note that the values of elastic energies of the composite material calculated by Eqs. (11) and (12) are almost equal only in the case when the concentration of inclusions is low. The self-consistent scheme (SCS) developed by HILL (1965) and BUDIANSKY (1965) makes it possible to calculate the effective elastic constants of composite material at a higher concentration of inclusions. In SCS, the elastic fields of composite material or elastic parameters are treated as unknown variables to be obtained by solutions of simultaneous equations (GUBERNATIS et al., 1977; BUDIANSKY and O'CONNELL, 1976; WATT et al., 1976, etc.) . On the other hand, the idea of a new self-consistent scheme (NSC) presented by YAMAMOTO et al. (1981) originates from Eshelby's method in dilute inclusions.
When the number of inclusions is very small, we can use Eq. (11) (or Eq. (12)) combined with Eq. (14) for calculating elastic parameters of a composite material. We have two sets of elastic parameters from Eqs. (11) and (12), and they are almost equal. We then regard this composite material containing very small amounts of inclusion as a new homogeneous material with new elastic constants which have been obtained by Eq. (11) (or Eq. (12)). Further, we introduce small amounts of inclusions into this homogeneous material. We obtain other new sets of elastic parameters by repeating the procedure in just the same way as mentioned above. Iteration of this procedure will make it possible to calculate elastic parameters of a composite material containing still larger amounts of inclusions. Numerical calculation can be made with a computer.
When the original matrix is isotropic and it contains oblate spheroidal cracks with random orientations, the bulk elastic parameters of this medium are isotropic.
The necessary tensor Sijkl in this isotropic case has been given by ESHELBY (1957) . When the planes of the oblate spheroidal cracks are all in parallel, the elastic parameters of this material show an anisotropy even though the matrix is isotropic. The necessary tensor Sijkl in the anisotropic case can be calculated by Eqs. (9) and (10). Now, we consider a composite material containing oblate spheroidal cracks original matrix. As a first step, we introduce small amounts of oriented cracks in this isotropic material. Using Eqs. (6), (11) (or (12)), and (14), we obtain two sets of elastic parameters which correspond to the two conditions mentioned before. Both show a hexagonal symmetry that slightly deviates from isotropy. In the next step, a small amount of additional oblate spheroidal inclusions is introduced into the anisotropic medium, which is regarded as macroscopically homogeneous. Repeating the same procedure as that used for the calculation of elastic parameters of composite material, we again obtain the elastic parameters. In this step, we have to use Sijkl calculated for this anisotropic material with hexagonal symmetry, and the necessary calculation is made with Eq. (9) and the equations in Appendix. Iterating the above procedure, we can calculate the effective elastic constants of the medium containing an arbitrary fraction of inclusions. When we introduce cracks whose volume is small enough to make the difference of the two results derived from Eqs. (11) and (12) almost zero, we would say that we obtain unique elastic parameters of the composite material.
Results and Discussion
3.1 Effect of stepwise volume increment of porosity on seismic velocity Elastic parameters were calculated with the present numerical method in the transversely isotropic case in which oblate spheroidal cracks align their short axes parallel to each other within an originally isotropic matrix material. We employed (15) where V denotes nominal volume fraction of inclusion. The present calculation was made only up to 2% porosity, which suffices to determine the role of the oriented cracks in the velocity anisotropy. This case allows us to regard porosity cal method, there exist two results corresponding to Eqs. (11) and (12) in every iterative step. The difference of elastic parameters calculated by these two methods depends on the amount of stepwise volume increment of the spheroidal inclusions when other parameters are fixed. The smaller volume increment gives the better accuracy, provided that cumulative error caused by iterative calculations has no effect on the results. In the present calculation, the amount of stepwise volume increment is fixed over all iterative steps. Table 1 gives two values for VP2 (the lowest P-wave velocity) calculated under the condition of constant load (denoted by L) and that under the condition of constant surface displacements (denoted by D) for several combinations of aspect ratios, fluid bulk modulus, and porosities. The calculation was made up to the porosity value 0.02. The difference between L and D is presented in the right column to determine the effect of the value of stepwise volume increment on seismic velocity. This difference becomes larger as the aspect ratio becomes smaller or Kf becomes smaller. We find that the ANDERSON et al. (1974) . In the present calculapresent results with those of ANDERSON et al. (1974) . The difference between VP1 and VP2 is 2.044km/sec for case 3, which is the result of ANDERSON et al. (1974) . On the other hand, the present calculation gives 1.344 and 1.375km/sec, corresponding to the conditions 2a) and 2b), respectively. The present calculation gives smaller anisotropy than that of ANDERSON et al. (1974) . Figure 3 3.4 Views on further application of the present method Velocity anisotropy is commonly observed in most sedimentary and metamorphic rocks such as slate, gneiss, schists, etc. This anisotropy originates from the preferred orientation of crystals and cracks. In order to obtain theoretical elastic parameters in such rocks, we should make the calculation for the case of oriented cracks in an anisotropic matrix. We should take care that the present method is applied to oblate spheroidal cracks if their unique axes are aligned parallel to the unique axis of a matrix with hexagonal symmetry. The theoretical elastic parameters can be calculated for a rock containing oriented cracks, even though its crack-free state exhibits anisotropy due to preferred crystal orientation. A measurement of velocity anisotropy of metamorphic rock was made by WANG et al. (1975) . They measured P-and S-wave velocities of Alpine gneiss in three directions under confining pressure of up to 2.0kbar. The velocity of P and S waves approached constant values with rising pressure and suggested that cracks and pores were almost closed at 2.0kbar. In this crack-free state, there still existed remarkable anisotropy attributable to preferred crystal orientation. Their data also suggested that this intrinsic anisotropy could be regarded as a transverse one. We can apply the present method to the analysis of the velocity anisotropy in gneiss, and an analysis of such data will be presented in the near future.
Keen attention has been paid to seismic velocity anomalies prior to large earthquakes since SCHOLZ et al. (1973) discussed the possibility of using VP/VS anomaly as a large earthquake precursor. GRIGGS et al. (1975) and WANG (1974) suggested the possibility that this kind of anomaly resulted from velocity anisotropy existing close to earthquake hypocenters, because stressed rock usually exhibits a velocity anisotropy due to the development of oriented cracks. CRAMPIN (1978) discussed this possibility in more detail. The present method will help to solve the problem of anisotropy presumed to exist in stressed rock around earthquake hypocenters.
As has already been discussed, when the difference of the bulk modulus between the fluid and the surrounding rocks increases, then anisotropy due to oriented cracks filled with fluid becomes stronger.
In volcanic or geothermal regions and oil fields, the fluid in the cracks often exhibits abrupt changes of its bulk modulus because of phase transformations induced by temperature changes or pressure changes.
A large velocity change should appear when liquid in cracks turns into gas.
The present method gives important clues to the interpretation of seismic wave velocity data or sonic log data in geothermal or oil reservoirs.
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APPENDIX LIN and MURA (1973) gave Gijkl of a hexagonal matrix material. We use the following parameters to represent the elastic constants cijkl of hexagonal symmetry,
The tensor Gijkl has 12 nonzero elements, and they are shown by the following integral form.
The order of suffix in Gijkl is different from that used by LIN and MURA (1973) ; Gijkl corresponds to the Mikjl term in LIN and MURA (1973) .
